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Abstract
For any graph G a set D of vertices of G is a dominating set, if every vertex v∈V (G)− D
has at least one neighbor in D. The domination number (G) is the smallest number of vertices
in any dominating set. In this paper, a characterization is given for block graphs having a unique
minimum dominating set. With this result, we generalize a theorem of Gunther, Hartnell, Markus
and Rall for trees. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Terminology
For any graph G the vertex set of G is denoted by V (G). For any vertex ∈V (G) the
set of neighbors of x in G is denoted by NG(x) and NG[x] =NG(x)∪{x}. If A ⊆ V (G),
then NG(A)=
⋃
x∈A NG(x) and NG[A] =NG(A)∪A. For a subset D of V (G) and a vertex
x∈D, the set P(x; D)=NG[x]−NG[D−x] is the private neighborhood of x with regard
to D and a vertex y∈P(x; D) is called a private neighbor of x with regard to D. A
set D ⊆ V (G) is a dominating set of G, if every vertex v∈V (G) − D has at least
one neighbor in D. The minimum cardinality among all dominating sets is called the
domination number denoted by (G). A dominating set D of G with cardinality (G)
is called a -set. For any connected graph G a vertex ∈V (G) is called a cutvertex of
G, if G − x is no longer connected. A connected subgraph B of G is called a block,
if B has no cutvertex and every subgraph B′ ⊆ G with B ⊆ B′ and B =B′ has at
least one cutvertex. A block B of G is called an endblock, if B contains at most one
cutvertex of G. A graph G is called a block graph, if every block in G is complete.
For other graph theory terminology we follow [4].
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2. Characterisation of block graphs with unique -sets
Lemma 2.1 (Gunther et al. [3]). Let D be a -set of a graph G. If (G − x)¿(G)
for every x∈D; then D is the unique -set of G.
Proof. Let D be a -set of the graph G, such that (G − x)¿(G) for every x∈D.
Suppose, there is a -set D′ of G diGerent from D. Then, there is at least one ver-
tex x∈D − D′ and D′ dominates G − x. Hence, |D′|¿ (G − x)¿(G), which is a
contradiction.
In the proof of our main theorem, we use the following helpful lemma about blocks
and cutvertices. The interested reader can =nd a short proof of this lemma in the book
‘Fundamente der Graphentheorie’ by Volkmann ([6], p. 171).
Lemma 2.2 (KKonig [5]). Let G be a connected graph with at least one cutvertex. If
B1; B2; : : : ; Bt are all blocks of G; then the following conditions hold:
(i) |V (Bi) ∩ V (Bj)|6 1 for any 16i¡ j6 t.
(ii) E(Bi) ∩ E(Bj)= ∅ for any 16i¡ j6 t and E(G)=E(B1) ∪ : : : ∪ E(Bt).
(iii) If x∈V (Bi) ∩ V (Bj) for any 16i¡ j6 t; then x is a cutvertex of G.
(iv) If x is a cutvertex of G; then x belongs to at least two di6erent blocks of G.
(v) If the vertices a and b do not belong to a common block; then every path from
a to b contains a cutvertex x = a; b of G; such that a and b lie in di6erent
components of G − x.
Gunther et al. [3] have characterized all trees with unique -sets (see Corollary 2.4),
and we generalize this result for block graphs.
Theorem 2.3. Let G be a block graph without isolated vertices and let D be a subset
of V (G). Then the following conditions are equivalent:
(i) D is the unique -set of G.
(ii) D is a -set of G such that every vertex in D has at least two private
neighbors that do not lie in a common block.
(iii) D is a dominating set of G such that every vertex in D has at least
two private neighbors that do not lie in a common block.
(iv) D is a -set of G such that (G − x)¿(G) for every vertex x∈D.
Proof. First, we show (i) ⇒ (ii) ⇒ (iii) ⇒ (i) and then we prove (i) ⇒ (iv). By
Lemma 2.1, we obtain immediately (iv)⇒ (i).
(i) ⇒ (ii) ⇒ (iii): (iii) follows immediately from (ii). Now, we prove that
(ii) follows from (i). Let D be the unique -set of G. Assume, there is a vertex
x∈D, such that P(x; D) ⊆ V (B) for some block B. Let w∈V (B) − {x}. Hence,
P(x; D) ⊆ NG[w] and (D − x) ∪ {w} is a -set of G diGerent from D, which is a
contradiction.
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(iii)⇒ (i): Assume, there is a block graph G without isolated vertices and a dominat-
ing set D of G that ful=l (iii) but D is no unique -set of G. Let G be such a counterex-
ample of minimal order. Since D is no unique -set, there is a -set D′ =D of G and
a vertex y∈D−D′. De=ne Q0 = {y} and for i=0; 1; : : : de=ne Qi+1 =
⋃
x∈Qi∩D NG[x].
Obviously, there is an integer s, such that Qi−1 =Qi for all 16 i6 s and Qi =Qs=Q
for all i¿ s. Let G0 =G[Q] be the subgraph of G induced by the vertices of Q. If
Q=V (G), then let =0, and if Q =V (G), then let G1; G2; : : : ; G be the components
of G−Q. Further, let Di =D∩V (Gi) and D′i =D′∩V (Gi) for i=0; 1; : : : ; . For every
i=0; 1; : : : ;  the set Di is a dominating set of Gi and P(x; D) ⊆ V (Gi) for every
x∈Di. Hence, for every i=0; 1; : : : ;  the graph Gi is a block graph without isolated
vertices which ful=ls (iii) with the corresponding dominating set Di. If ¿ 0, then
n(Gi)¡n(G) and Di is the unique -set of Gi for every i=0; 1; : : : ; .
Let w1; w2 ∈P(y;D), such that w1; w2 do not lie in a common block of G. By
Lemma 2.2(ii), there is a unique block Bi of G0 that contains the edge ywi for i=1; 2.
Claim 1. B1 and B2 are endblocks of G0 and y is the unique cutvertex of B1 and B2.
Proof. By Lemma 2.2(iii), y∈V (B1)∩V (B2) is a cutvertex of G0. Suppose, Bi contains
a further cutvertex u′ =y for some =1; 2 in G0. Since wi ∈P(y;D), we get u′ ∈ D. By
Lemma 2.2(i) and (iv), there is another block B′ =Bi of G0 that contains u′ but not
y. Let w be a vertex in V (B′)−V (Bi) = ∅. Since w∈V (G0), there is a vertex w′ ∈D0
that dominates w. By the construction of Q, the induced subgraph G[D0] is connected
and there is a path P in G[D0] from y to w′. Thus, we get the path P ∪ w′w from y
to w in G0 − u′, which is a contradiction to Lemma 2.2(v).
Further, let D′(wi)=D′ ∩ NG[wi] for i=1; 2. There are three possibilities for each
wi; i=1; 2.
(a) There exists a vertex vi ∈D′(wi) ∩ Q with P(vi; D′) ⊆ Q.
(b) There exists a vertex vi ∈D′(wi) ∩ Q and a vertex u∈P(vi; D′)− Q.
(c) D′(wi) ∩ Q= ∅.
Suppose, w1 and w2 ful=l (a). By Claim 1, B1 and B2 are endblocks of G0. Hence,
vi ∈V (Bi)−{y} and P(vi; D′) ⊆ V (Bi) ⊆ NG[y] for i=1; 2. Thus, D′′=(D′−{v1; v2})∪
{y} dominates G, but |D′′|¡ |D′|= (G), which is a contradiction. Hence, at least one
of the vertices w1 and w2 ful=ls (b) or (c). This implies that G0 =G; ¿ 0 and Di is
the unique -set of Gi for every i=0; 1; : : : ; .
Claim 2. For every 16 j6  and for every a; b∈Q ∩ NG(V (Gj)) or a; b∈NG(Q) ∩
V (Gj) the vertices a and b lie in a common block of G.
Proof. First, let a; b∈Q ∩ NG(V (Gj)). Let aj and bj be the neighbors of a and b in
Gj, respectively. There exists a path Pj in Gj from aj to bj and a second path P in G0
from a to b. Hence, for every z ∈V (P)− {a; b} there is the path aaj ∪ Pj ∪ bjb from
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a to b in G − z. Thus, in view of Lemma 2.2(v), the vertices a and b are contained
in a common block. Analogous, we can prove the case a; b∈NG(Q) ∩ V (Gj).
Claim 3. If wi ful7ls (c) for some i=1; 2; then there is a vertex vi ∈D′(wi) ∩ V (Gj)
for some j∈{1; 2; : : : ; }; and we get |D′j|¿ |Dj| and NG(D′j)− V (Gj) ⊆ NG[y].
Proof. For some i=1; 2 let wi ful=l (c), that means, D′(wi) ⊆ V (G−Q). Hence, there
exists a vertex vi ∈D′(wi)∩V (Gj) for some j∈{1; 2; : : : ; }. Suppose, there is a vertex
w∈V (Gj)− NG[D′j]. Then, a vertex w′ ∈D′0 dominates w. Thus, w′ ∈Q ∩ NG(V (Gj))
and wi ∈ (Q ∩ NG(vi)) ⊆ (Q ∩ NG(V (Gj))). By Claim 2, also w′ dominates wi and
w′ ∈D′(wi) ∩ Q, which is a contradiction. Thus, D′j dominates Gj. Since vi ∈D′j − D,
the unique -set Dj of Gj is not equal D′j and |D′j|¿ |Dj|. Since wi ∈Q ∩ NG(V (Gj))
and NG(D′j) − V (Gj) ⊆ Q ∩ NG(V (Gj)), we get NG(D′j) − V (Gj) ⊆ NG[wi], by
Claim 2. By Claim 1, the set NG[wi] =V (Bi) ⊆ NG[y].
In the following, we distinguish three cases.
Case 1: At least one of the vertices w1 and w2 ful=ls (b). Without loss of generality
let this vertex be w1, let v1 ∈D′(w1) ∩ Q, and let u∈P(v1; D′) ∩ V (Gj) for some
j∈{1; 2; : : : ; }. Suppose, there is a vertex w∈V (G)−V (Gj), which is not dominated
by D′ − D′j. Then w∈NG[D′j] ∩ Q and v1 ∈NG(u) ∩ Q. By Claim 2, we get that w
and v1 ∈D′ − D′j are adjacent, which is a contradiction. Hence, D′ − D′j dominates
G−V (Gj). Obviously, D−Dj is a dominating set of G−V (Gj), which satis=es (iii).
Therefore, D − Dj is the unique -set of G − V (Gj) and |D′ − D′j|¿ |D − Dj| and
|D′j|¡ |Dj|. By Claim 2, all vertices of NG(Q) ∩ V (Gj) lie in a common block of G.
Hence, D′j ∪ {u} dominates Gj and |D′j ∪ {u}|6 |Dj|. This implies D′j ∪ {u}=Dj. The
vertex u∈D has the two private neighbors u1; u2 ∈P(u; D) ⊆ V (Gj), which do not lie
in a common block of G. This implies by Claim 2, that at most one of the vertices
u1; u2 can be adjacent to Q. Let u1 ∈ NG(Q). Hence, D′j =Dj − {u} dominates u1,
which is a contradiction.
Case 2: w1 and w2 ful=l (c). Let vi ∈D′(wi) ⊆ V (G−Q) for i=1; 2. By Claim 2, v1
and v2 do not belong to the same component of G−Q. Without loss of generality let vi
belong to the component Gi for i=1; 2. By Claim 3, |D′i |¿ |Di| and NG(D′i)−V (Gi) ⊆
NG[y] for i=1; 2. Hence, D′ − (D′1 ∪D′2) ∪ {y} dominates G − (V (G1) ∪ V (G2)) and
D′′=D′ − (D′1 ∪ D′2) ∪ (D1 ∪ D2 ∪ {y}) dominates G. But |D′′|¡ |D′|= (G), which
is a contradiction.
Case 3: One of the vertices w1 and w2 ful=ls (a) and the other one ful=ls (c).
Without loss of generality let w1 ful=l (c) and let v1 ∈D′(w1) ⊆ V (G − Q) be-
long to the component G1. By Claim 3, we get |D′1|¿ |D1| and NG(D′1) − V (G1) ⊆
NG[y]. Then, w2 ful=ls (a). By Claim 1, B2 is an endblock of G0. Hence, P(v2; D′) ⊆
V (B2) ⊆ NG[y]. Therefore, the set D′ − (D′1 ∪ {v2}) ∪ {y} dominates G − V (G1) and
D′′=D′ − (D′1 ∪ {v2}) ∪ (D1 ∪ {y}) dominates G. But |D′′|¡ |D′|= (G), which is a
contradiction.
This completes the proof (iii)⇒ (i)
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(i)⇒ (iv): Let D be the unique -set of G and let x∈D arbitrary. We already have
proved that G and D also satisfy (ii). Let D′ be a -set of G − x. Let G1; G2; : : : ; G
be the components of G − x and let Di =D ∩ V (Gi) and D′i =D′ ∩ V (Gi) for ev-
ery i=1; 2; : : : ; . Since D′′i =(D − Di) ∪ D′i dominates G, we get either |D′′i |¿ |D|
and |D′i |¿ |Di| or D′′i =D and D′i =Di for all i∈{1; 2; : : : ; }. By (ii) and Lemma
2.2(v), there are x1; x2 ∈P(x; D) that lie in diGerent components of G− x. Without loss
of generality, let xi ∈V (Gi) for i=1; 2. Thus, for i=1; 2 the set Di does not domi-
nate Gi and Di =D′i , which implies |D′i |¿ |Di|. Hence, (G − x)= |D′|=i=1|D′i |¿
2 + i=1|Di|=2 + |D − {x}|¿ |D|= (G).
Corollary 2.4 (Gunther et al. [3]). Let T be a tree of order at least 3. Then the
following conditions are equivalent:
• T has a unique -set D.
• T has a -set D for which every vertex in D has at least two private neighbors
other than itself.
• T has a -set D for which every vertex x∈D has the property (T − x)¿(T ).
Remark 2.5. Farber [1,2] has shown that the domination problem for block graphs, as a
subclass of strongly chordal graphs, is linear. A further eOcient algorithm to determine
-sets of block graphs is given by Volkmann [7,8]. Thus, we can check in linear time,
if a given block graph G has a unique -set, by using one of these algorithms to =nd
a -set of G, and by using Theorem 2.3(ii) to check, if this -set is unique.
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